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Multiple Integrals Over Infinite Fields, and the 
Fourier Multiple Integral.* 

By Burton H. Camp. 



Introduction. 

1. Multiple integrals over infinite fields have been defined in recent years 
in different ways by Pierpont,f Vallee-Poussin, | and Hardy. § The integrals 
of Pierpont and of Vallee-Poussin exist only when they exist absolutely, but 
this is not the case with Hardy's integral. It is shown here that, for functions 
whose integrals over finite fields exist, these three infinite integrals are 
equivalent when any one of them exists absolutely. This paper is divided 
into three parts. In the first part (§§ 2-5) are developed relations between 
Hardy's integral and the iterated integrals, certain new theorems on inversion 
of the order of integration, and some fundamental properties of multiple 
infinite integrals, most of which are known for the case of integrals over 
finite fields but not for the infinite case. Among these last is the second 
theorem of the mean. Heretofore, this has not been proved, apparently, in 
the infinite case even for functions of one variable. The second part (§§ 6-8) 
deals with the behavior of integrals with respect to parameters. I am mainly 
concerned here with the infinite integrals, but it is necessary incidentally to 
extend to the case of integrals over finite fields in space of several dimensions 
theorems which are known only for integrals over one-dimensional fields. To 
save space, and because novel methods would not be introduced, the proofs of 
many of the statements in this part are not given. They have to do, however, 
with fundamental matters, including what are, in one dimension, well-known 
tests for termwise integration and differentiation; in the infinite case they 
include the so-called fundamental theorem of the integral calculus. A resume 
of the third part (§§9-11), which contains certain applications to Fourier's 
double and quadruple integrals, is given at the beginning of § 9. 

* Read in part before the American Mathematical Society, February 27, 1915, April 29, 1916. 
f Transactions of the American Mathematical Society, Vol. VII (1906), p. 169. 
% Cours d' Analyse, 2d ed., Vol. II, pp. 69, 70, 108, 109. 
^Messenger of Mathematics, Vol. XXXII (1902-3), pp. 92 ff. 
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Fundamental Theoey, §§ 2-5. 

2. Elementary Theorems. As we shall not be concerned usually with 
integration over finite fields, we make the assumption always that the 
functions used are absolutely L-integrable * in each limited measurable set of 
their domain of definition. Let R denote the infinite rectangle f where 
x,y>0, and R a>fS the finite rectangle where 0<#<a, < «/ < /3. Let f(x,y) 
be defined in R. We may then define the following integrals, when the limits 
in question exist : 



J x (/)=lim J fdxdy, 
J 2 (f) — lim. lim j fdxdy, 

a=a, ft=a)JR- a 



00 p=00 ** R a 



J 3 (f) =lim lim j fdxdy, 



dx lim I fdy= I dx j fdy, 

„ p=oo •'0 "0 Jq 

J^p ^»a ^»co v»oo 

dy lim j /d#= j dy I /da?. 
, a=oo Jo Jo Jo 

The integral Ji(/) is Hardy's definition referred to in the introduction, J 4 
and J s are the usual iterated integrals, J 2 and J s are introduced chiefly for 
convenience in developing the theory of J 1 , <7 4 and J 5 . When it is desired to 
integrate a function over a larger portion or over all of the infinite two- 
dimensional field, we let R 1 denote the rectangle (x,y>0),R 2 the rectangle 
(x<0<y), R s the rectangle (x, y<0), and R i the rectangle (y<0<x), and 
let R=R 1 +R 2 +R s -\-R i , and then define the integral over R as the sum of the 
integrals over R lt R 2 , R 3 , and JB 4 . These definitions could be generalized 
slightly by using the concept of the Harnack-Lebesgue integral, but that is not 
worth while for my present purpose. By lim a)3=00 is meant the double limit | 
as a, /? diverge to plus infinity passing through all positive values. Most of 
the theorems, though stated only for two dimensions, may obviously be 
extended to n dimensions. 

The two following theorems are almost immediate consequences of our 
definition, and the succeeding lemma is known. 

*/. e., integrable in the sense of Lebesgue. 

f The case of n variables is not essentially different from the case of two, but the treatment would 
be cumbersome. In § 6, however, where finite fields only are employed, and there is no loss of simplicity, 
n variables are used. 

%E. g., Pierpont, Theory of Functions of Real Variables, Vol. I (1905), p. 195. 



and the Fourier Multiple Integral. 313 

Theorem 1.* A necessary and sufficient condition that J x {f) shall exist 
is that, for every pair of constants h,k>0, 



lim j fdxdy = 0, 

a, y3=oo J r 

where r = R a+h ^ +k —R a>p . 

Theorem 2. If Ji(f) and J t (g) exist, and c is a constant, J<(/) +J t {g) = 
JAf + g), and Ji(cf) =cJ i (f). 

Lemma. If for all values of Aa, A/?>0, $(a + Aa, (3 + A(3) >$(a, /?), and 
<£(a, /?) is less than a fixed number M, then lim a>p 4>(a, /3), lim a lim 4>(a, (3), 
limp lim a <p(a, /?) all exist and are equal and not greater than M. 

Theorem 3. If, in general,^ 0<f(x,y)<g(x,y), and if Ji(g) exists, so 
does Ji{f), and Ji(f)<Ji(g). 

If i = l, 2, or 3, this is an immediate consequence of the lemma. If i—4, 
by hypothesis there exists, except perhaps for a null set, a positive L-integrable 
function, 

L(x)= j gdy, 

whose integral from to a is a monotonic increasing function of a and has the 
limit Ji{g). Except perhaps for a null set of x's, 

fdy-<\ gdy, 

and the former is a monotonic increasing function of /^ whose limit l(x) is less 
than or at most equal to L(x). The integral of l(x) from to a is a 
monotonic increasing function of a and hence 

J -.a ~a 

l(x)dx=J i (f) <lim I L(x)dx=zJ i (g). 
a ^0 

Corollary.:]: The function J t {f) exists if J t (g) does, when f(x, y) =g (x, y) 
in a part of R and zero elsewhere, provided that the field, is so divided that f 
is L-integrable over every limited, measurable set in each part. 

Theorem 4. A necessary and sufficient condition that Ji(f) shall exist is 
that there shall exist two other functions g(x,y), G(x,y), for both of 

* The proof of this depends on the following theorem, well known for functions of one variable : A 
necsssary and sufficient condition that the double limit of 4>(a,fi) shall exist, as a, /3 become infinite, is that, 
for every pair of constants h, &>0, lima, /3=» [<j>(a~\-h, p + k) — <j>(a,p)]=0. 

t /. e., except perhaps at a set of points of measure zero. Such a set will be called a null set. 

fThis is not necessarily true if g has both signs. Indeed, this property, together with the 
properties in Theorem 2, would be sufficient to show that |/| would be integrable, no matter what the 
definition of integration for /. 
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which J { exists, such that in general g(x, y) <f{x, y) <G(%, y). Then also 

Ji(g)<Ji(f)<Ji(g). 

Since 0</— g <G—g, J t (/ — g)£Ji(G—g). Then, since Ji(g) exists, we 
haveJ,(/)<J 4 (G). 

Corollary 1. The same is true, with an appropriate change in the last 
statement, if g <f <G. 

Corollary 2. The function Ji{f) exists if it exists absolutely, or if f is 
the product of two positive functions which are less than unity and for each 
of which J t exists, or if it is the p-th power (p>l) of such a function. 

Corollary 3. Under the usual conditions the mean-value theorem, 
mJ i (g)<J i (fg)<MJ i (g), is valid. 

Corollary 4. If Ji{f) and J t {g 2 ) exist, thenJ^fg) exists absolutely, and 
the inequality of Schwarz, J 2 (fd)SJi(f)' Ji(ff 2 )> * s valid* 

Case I: (i = l). Let 4 / =f and $=0, y=g and S = where fg>0, and let 
$=/ and ^^O, S=g and y = where fg<0. The same equalities hold when 
both sides are squared, and by the corollary of Theorem 3 the following exist : 
JiW), Ji(<l> 2 ),Ji(y 2 ), </i(2 2 )- By the inequality for finite fields, 

f R ^ydxdyJ<(^f R ¥dxdyj(f R y 2 dxdy^j < J x {¥) • J^y 2 ). 

Since ^y>0, the function of a, /? on the left satisfies the conditions of the 
lemma to Theorem 3. Therefore J\{$y) exists, and so does J^-^y). Similarly, 
Ji(<?>8) exists, and since by the early equalities \fg | —$y — q>&, so does J x ( \fg | ). 
Now, proceeding to the limit in the relation, 

Ofgdxdy) <( ( f 2 dxdy)( j g*dxdy 

we may establish the proposition. 

Case II: (i>l). This may be referred to Case I by the use of the 
corollary to Theorem 5 and the first part of Corollary 2, Theorem 4. 

3. The Integrals of Pierpont and Vallee-Poussin.f In considering these 
definitions we shall assume as in § 2 that f(x,y) is absolutely L-integrable in 
every limited measurable part of the field B. This is not done by Pierpont, 
but it is better for our present purpose to dispense with the extra element of 
generality which he obtains by omitting this condition. Let B be defined as 
before, and let D 1 <D 2 < ... . be any infinite sequence of limited, measurable 

*lt does not follow, as in the finite case, that / is integrable if f is. 
fCf. §1. 
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point sets of such a nature that each D is wholly in R and that every point 
of R is in some D. 

Vallee-Poussin's Definition, V(f). Let />0. If the following limit exists 
and is independent of the choice of D's, 

V(f)= f fdxdy = lim f fdxdy. ( 1 ) 

Let / be unrestricted as to sign. Set /=/ x — / 2 , where f lf f 2 >0. When the 
integrals on the right exist, 

V(f)— j fdxdy = ( f x dxdy — \ f 2 dxdy. (2) 

Jr Jr Jr 

Pierpont's Definition, P(f). Let / be unrestricted as to sign. Let the 
following be an infinite sequence of limited measurable sets, E lt E 2 , . . . . ; and 
let E { contain every point whose distance from the origin is less than i; it may 
contain other points. When the following limit exists and is independent of 
the choice of E's, 

P(f) = f fdxdy = lim f fdxdy. (3) 

"R i=w " Ei 

It will be shown that this definition is equivalent to the definition : 

P(f)=limf fdxdy. (4) 

It is obvious that if (3) exists (4) exists and gives the same result. To prove 
the converse we let (4) exist. Suppose that, for a certain E set, the limit in 
(3) should not exist, i. e., suppose that the sequence 

J fdxdy, ( fdxdy, .... (5) 

should diverge. In this sequence there would exist a divergent sub-sequence 

J fdxdy, ( fdxdy, .... (6) 

E' Je" 

for which E'<E"< For example, we might take E' = E 1 , and then, since 

E x is limited, there would exist an E i which would include all points as near to 
the origin as any of those of E 1 ; let E" = E i , or some E farther on in the 
sequence, if necessary, in order to make (6) diverge. This sub-sequence would 
be a D sequence. 

Lemma. If f(x, f/)>0 and the following limit exists for one set of D's, it 
does for every set: 

lim I fdxdy. 
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Theorem 5. (a) If />0, V(f) = P(f)=J 1 (f), provided one of these 
exists, (b) If V(f) or P(f) exists, it exists absolutely, and then V(f) —P(f) 
—Ji(f)- ( c ) Ji(f) ma V ^st when V(f) and P (/) do not. 

(a) Since R a>fs is a special case of E it if P exists, so does J x , and J 1 =P. 
By the lemma, if J x exists, so does V, and V—J 1 . By definition V=P. 

(b) It is known and obvious that if V(f) exists so does V( \f\ ), and 

F(|/|)=lim| f-idxdy + Mm. J f 2 dxdy, F(/)=lim| f x dxdy — lim f f 2 dxdy, 

«=oo*-'.D, i=<o^Di i=ca^D i i=v>>-'D i 

where \f\=h + h, f=h-f % . By (a), them J 1 (f 1 )=V(f 1 ), J 1 {h)=V{f i ). 
Therefore, Ji(f)=Ji(fi)—Ji(f2)=V(f). A similar result may be obtained 
for P(f), since it may be shown that this integral also obeys Theorem 2. 
Thus (b) is proved if the hypothesis be that V(f) exists. It only remains to 
show that if P(f) exists so does V(f). The following equation is true if two 
of the limits exist : 

P(/)=lim I fdxdy = lim j f x dxdy — lim I f % dxdy. 

If it is true, V(f) exists. If it is not true, but P(f) exists; since f lf / 2 >0, 
both of the last two integrals must diverge to plus infinity for some set of D's, 
and therefore by the lemma for all sets. On this hypothesis we will show that 
there exists a set of D's for which the first limit does not exist. Let R t be a 
circle of unit radius about the origin. Let 



ki= \ fdxdy. 



Since the integral of f x over Ry is not infinite, and since by definition f x —f 

where />0, there must exist outside of R x a limited set A x , in which />0, 

such that 

I f x dxdy>l — Tc-y. 

Hence, 

J fdxdy = ( fdxdy + ( fdxdy >k 1 -\-l — k x =l. 

Let D i = R 1 -\-A 1 . Let R 2 be a circle about the origin including all of Dj. Let 

]c 2 = | fdxdy. 

The integral of f x over R 2 is not infinite, and therefore, as before, there exists 
a set A 2 outside of R 2 where />0 such that 

J fdxdy = 1 fdxdy + I fdxdy = ( fdxdy + I f x dxdy>2. 
R1+A.2 J R* *^A 2 ^B 2 ^4 2 

Let D 2 = R 2 -\-A 2 ; etc. 
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(c) Hardy * has given some interesting examples of this. One which will 
concern us later is J t (cos xy) =n/2. 

CoEOLLARY.f If Ji(\f\) exists, so does J,(|/|), and «/»( |/| )=«/,•( |/| ), 
andJdn^Jdf)- 

Vallee-Poussin has shown that if V{ \f\ ) exists, J t ( \f\ ) =J 6 ( |/| ) =V( \f\ ), 
and that J i (f) =J 5 (f) =V (f) . By the theorem, then, the corollary is proved 
for the cases i, j = l, 4, 5. The remaining cases may easily be proved by the 
use of the lemma to Theorem 3. 

4. More Existence and Inversion Theorems. Theorem 6. Let J; (/) exist. 
A necessary and sufficient condition that Jj{f) shall exist is that there shall 
exist a function g (x, y) which is in general less than f(x,y) for which both 
J's exist. 

Necessity. Let q (x, y) >0, and let Jj{q) exist. We may take g=f — q, 
for, since </,(/) and J } (q) exist, so does J t (f — q). 

Sufficiency. Since J t (f — g) exists and / — g>0, </,•(/ — g) exists by the 
preceding corollary. Since now Jj(g) exists, so does J y (/ — g+g)- 

Coeollaey 1. Let e/j(/) exist. A necessary and sufficient condition that 
Jj(f) =J { (f) is that there shall exist a function g(x,y), in general less than 
fi x i V)i f or which this is true. 

Ji{f—9) =Ji(f—6t) =Jj(f)—Jj(g)- Add the equality, J^g) =J j (g). 

Coeollaey 2. Let one of the iterated integrals Ji(f), Jsif) exist. A 
necessary and sufficient condition that inversion of the order of iteration be 
allowable is that there shall exist a function g(x, y), in general less than 
f(x, y), for which the inversion is allowable. 

Coeollaey 34 A necessary and sufficient condition that both iterated 
integrals of f shall exist and be equal is that this shall be true of two functions 
g(x, y), G(x, y) for which in general g<f<G. 

*Loo. cit., §1, pp. 159 ff. 

f Vallee-Poussin, loo. cit., Vol. II, p. 121. Bronnvich (Proceedings of the London Mathematical 
Society, Vol. I (1903), p. 181, third footnote) indicates that this result follows from the lemma to 
Theorem 3, but really only the last part, in which it is said that J 1 = J 2 =zJ 3 , follows from that lemma. 
Indeed, if it did follow also that J 1 — J I = J B , as he states, his result would antedate its discovery for the 
finite case by four years (see also Hobson, same Proceedings, Vol. VIII (1910), p. 22). 

I am omitting from this paper the subject of transformation of variables in these integrals. It is 
true, however, that, if any Ji exists absolutely, it may be transformed into an equivalent double, or 
iterated, integral over the unit square. Another proof of the corollary may be devised by the use of 
transformations of this sort. 

| Of. W. H. Young, same Proceedings, Vol. IX (1910-11), p. 323. Young's theorem gives only suffi- 
cient criteria that inversion of the order of iteration be permissible, and involves the additional 
hypothesis that this inversion be permissible for integrals of g and G over one-way infinite fields. 

41 
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Coeollaey 4.* (a) Inversion of the order of iteration of f over the one- 
way infinite field R a (0 <x <a, <y) is allowable if one of the iterated 
integrals of \f\ exists, (b) If one of the iterated integrals of f over R a exists, 
a necessary and sufficient condition that inversion be allowable is that there 
shall exist a function g(x, y), in general less than f(x, y), for which it is 
allowable, (c) A necessary and sufficient condition that both iterated integrals 
over R a shall exist and be equal is that there shall exist two functions g(x, y), 
G(x, y) for which this is so and, for which in general g<f<G. 

Coeollaey 5. The theorem and previous corollaries are true if we write, 
instead of g<f(f<G), g<f{f<G), or if, in the theorem and first two 
corollaries, we substitute G>f for g<f. 

Theorem 7. (a) If J 1 (f) exists, and J 2 (f) exists over R a for sufficiently 
large values of a (say a>C) then J 2 {f) =J\if) ; similar statements may be 
made for J s and the one-way infinite field jR^(0<?/</3, 0<a;). (b) Let 
inversion]- of the order of iteration over R a (cc>C) be allowable; then 
J 2 (f) =J 4 (/) if either exists; and similar statements may be made for J 3 and 
J b and R . 

Coeollaey. Sufficient conditions that all the J's shall exist and be equal 
are that inversion be allowable over both R a and R p (a, (3>C), and that J t and 
one of each of the pairs (J 2 , J \), (J s , J b ) shall exist. Then also all the J's 
are equal. 

The proofs of the theorems and corollaries of this section are simple. 

5. Second Theorem of the Mean.f Theorem 8. Let f(x, y) be limited in R 
and L-integrable over every finite measurable set, and let g{x,y) be absolutely 
L-integrable in R. Then, if l<f(x, y)<L, there exists a k such that 

J= j f(x,y)g(x,y)dxdy = l j gdxdy+L j gdxdy; 

where, if f has the property that the set of points E k , where f = k, is always 
null, A k is defined as the set where f>k; and otherwise A h is the set where 

* Parts (a) and (o) are known. See also note to Theorem 7 (&) . By the existence of the integral of 
f over R a we mean the existence over R of the integral of the function which equals / in Ra and zero 
elsewhere. 

f For criteria for this condition we have, not only Theorem 6, Corollary 4, but also the usual 
condition that, assuming \f\ L-integrable over finite fields, termwise integration with respect to x of the 
/3 sequence — viz: the integral of / with respect to y from to /3 — be allowable in (0, a). This assumes 
implicitly the existence of one iterated integral. 

$ Proved for the case where jB is finite by Lebesgue, Annales de I'Eoole Normale, (3) Vol. XXVII 
(1910), p. 444; proved in a slightly more general form by the author, Mathematische Annalen, Vol. LXXV 
(1014), p. 285. There will be used in this section much of the notation and some of the results of the 
latter paper. 
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f>k, plus perhaps certain points where f = k. In the second case the set A k 
may be defined by the use of an associated function q(x, y). 

Case 1: (1 = 0, E k = 0).* Consider a monotonia sequence of circles whose 

union f is R:R 1 <R 2 < Let A k be the set of points where f>k. Let 

A' kt refer to the parts of A ki in R { . By the finite case there exists for each 
R 4 a h t such that 

ffg=Lf g. (1) 

By Theorem 4, fg is absolutely L-integrable in R, and by Theorem 5 

J = ffg=lim f fg = L lim f g; (2) 

so the last limit exists. It only remains to show that there is a definite k and 
A k for which 

limf g=fg. (3) 

The left-hand side may be considered as the limit of any infinite sub-sequence 
selected from the sequence 

f 9, f 9, (4) 

J *\ ***** 

Suppose the sub-sequence to be the terms corresponding to i = a 1 <a 2 < . . . ., 
where these numbers are so chosen that, if k be taken as the lower limit of the 
sequence k lf k 2 , . . . ., it is also the limit of either (5) or (6), 

*„>*„>...., (5) 

**<*„< (6) 

To be assured that this is possible we first note that whenever the points 
k x , k 2 , .... constitute an infinite point set, there exists a lower limit, for the 
set is limited (0 <ki<L). Whenever the points do not constitute an infinite 
point set, certain of these numbers are repeated an infinite number of times ; 
let k be the least of these numbers. It is immaterial to the proof whether (5) 
or (6) holds. Assume (5) ; and to avoid the additional subscripts let it be 
assumed that (4) is the sequence corresponding to (5), i. e., that k is the limit 

of k if and that h>k 2 > (7) 

Then 

4<i' ta < (8) 

* By E is meant the measure of E, a concept which may be defined in the infinite ease as the integral 
over E of unity. 

fBy "union" of (Bi) is meant the totality of points each of which belongs to some Ri. 
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The limit of this sequence may be an infinite field. For e>0 prescribed, let 
R a be so large that 

f \ff\<B. (9) 

J B-R a 

Let 

A' k \<A' k \<.... (10) 

refer to the portions of A' ki , etc., in R a . If i<a, A' k \ may not refer to all of 
the points of R a where f>k i7 for A' kf may not include them all ; but if i > a, 
A k( does include all those points, and only those. A' k is the set in R a where 
f>k; and so, by the reasoning of my Annalen paper,* A' k ' is the union of A' k \ 
and lim j=0O A k( =A k . Thus, on account of the absolute continuity of the integral 
of g in R a , there exists an i e >a and so large that if i>t e (A' k — A' k \) is 
sufficiently small to make 

\g\<s. (ii) 



I 



Now the set (A k — A' k( ) is made up of two parts, (A' k — A k{ ) and B, where B 
is some set outside of R a . Therefore, by (9) and (11), 



f g\<f \a\+ f\g\<ie, 



which proves (3), and hence the proposition. 

Case 2: (1=0, E k >0). The only new difficulty here is with inequality 
(11). It is obvious that (A' k — A' k \) may not become small at pleasure because 
of the non-null sets that may be included. Therefore a method must be found 
of dividing up these non-null E k sets. The measures of some of them may be 
infinite. We first note that there are only an enumerable number of values of 
k, say \, k 2 , . . . ., where E k >0. This follows from the fact that, if A k be, as 
before, the set where f>k, A k is a monotonic decreasing function of k, and k t 
is a point of discontinuity of A k . It is known that such points are at most 
enumerably infinite for monotonic functions. We. now define, corresponding 
to the parameter Jl(0<3l<L + l), a family of point sets Q. x , and a limited 
function q(x, y) which is associated in a certain way with f(x, y), and which 
is constant at most in null sets, and has the property that the set of points 
where q>% is fl x . Let <?< be any positive number such that 

Cl +c 2 +....=l. (12) 

*Loc. cit., p. 275, Lemma 2. 
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Let q(x, y) be defined as the limit of the monotonic sequence, 

fix, y)<q 1 (x,y)<q 2 (x,y)< <f(x,y)+l, (13) 

where q x , q 2 , .... are defined as follows : at points where f<k ly let q x equal 
/; at points where f — \, let q x equal c 1 e~ x '~ y '+f; and at points where f>k 1} 
let q x equal f + c 1 . Here the function c x e~^~ y * -\-k x has the properties that it is 
constant only in null sets, that it lies between \ and A^-j-Ci, and that the set of 
points where it is greater than any number between these limits is a circle. 
Other definitions of q x might obviously be chosen, resulting in other associated 
functions q. Next, let q 2 be equal to q x where f<k 2 , equal to c 2 e~ x2 ~ y * + q x 
where f=k 2 , and equal to q x -\-c 2 where f>k 2 , etc. Let il x be the set of points 
where q(x, y) >JI(0 <X<L + 1). The proof that q is constant at most in null 
sets is omitted because the fact seems obvious. 

It will now be shown that each fl A is divisible into two parts ; one is part 
or all of the set where / equals a certain corresponding k x , and the other is 
the whole of the set where f>k x . Consider the set A k where / > k, and sup- 
pose the k/s (7) which are not greater than k to be denoted by a/s and their 
corresponding c/s by s ( 's, thus : 

<*i > a 2 ) • • • • = k', s x , s 2 , 

In A k , 

q>f+s 1 +s 2 +....>k + s 1 + s 2 + (14) 

Tor example, if k^ — ax, k t >k, k B = a 2 , . . . . ; in A k> q 1 =f-{-s 1 , q 2 >q 1 =f+s 1 , 
Qs = a2 + s 2 >f+s 1 + s 2 , etc., and finally q t <q 2 < <q. In R—A k , 

q<f+St+s 2 + .... <k + Sl + Sz,+ ... ., (15) 

for here, for every j, q j <f+s 1 +s 2 + , and finally g = lim^. Thus, if 

X — ] c -\-s 1 -\-s 2 + . . . ., q>h in A k and q<"k in R — A k , and so in this case £l x = A k . 
If now it could be shown that to every "k there corresponds a k such that 
X = A;+s 1 + s 2 + . . . ., the part of our proposition considered in this paragraph 
would be established, but this is not always true. • It can, however, be proved 
except for an enumerable number of intervals where 

K-Ci<*<K- ( 16 ) 

For Si + s 2 + . . . . is a monotonic increasing function of k, and therefore, con- 
sidered as a function of k, h = k + s 1 +s 2 + . . . . is always increasing, and is 
defined for each k in (0, L). Moreover, it is always continuous on the right, 
for, for any k which is not a k it there exists a 8 so that the interval (k, k + 8) 
does not contain any of the points k x ,k 2 , . . . ., k„ (n finite). Therefore, 

\l(k + S)-l(k) | < |S| +ht<e, 
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if n and 8 are chosen properly. This is true for § > even if k is a ^ , but in 
this ease every interval (A;, &-{-$), 8<0, would include k if and hence at such 
points a, would have a discontinuity on the left equal to c { . The correspondence 
desired is proved. We proceed to consider values of "k of (16). First, all 
points of A ki are in Q. x , for, if f>k { , q>^ k{ = k i -\-s 1 + s 2 + .... (c^Sj), that is 
q>l. Secondly, D. x contains no other points, except some where f = k t ; for, if 
P is a point where f(P) <k t , let f(P) —k t — y. To this value of k there is a 
corresponding 3i = fl; f — y + o'i + a , 2 + . . . ., where o , 1 ,cr 2 ,.... are the s/s for 
jfcj — y; their sum is less than s 1 -\-s 2 + . . . . by at least c^^. By (15) 

a(P)<h—y+°i+°2+ — <K—Y+s 1 +s i + — — si<a* t — c,<x, 

and therefore P is not in I2 X . Thus, in every case there is a & x corresponding 
to % for which the conditions are satisfied. 
It may now be shown that 

J=Lfg. 

As in Case 1 (1), 

ffg=Lf g, 

where £l Xi is the part of £l Xi in R { . For q is for R t precisely an associated 
function in the sense of my paper for the case when R is limited. The rest of 
the reasoning of Case 1 now holds, mutatis mutandis. 

Case 3 : (I ^t 0). We may obviously consider Case 1 as a special case of 
Case 2, where q—f. By Case 2, 



f[f(x,y)-l]9(<B,y) = (L-l) f 9=Lf g-lfg + lf g. 

i/R U a x " a x vr vr-q x 

J R J R 



Coeollary. If f (%) is monotonic decreasing in (a, <x>) and l<f(%)<L, 
and if g(oc) is absolutely L-integrable in the same interval, there exists a 
X(a</l<oo) such that 

/ fg=ll g+L g. 

It is to be noted also that the theorem gives even for one dimension a 
much more general statement than this corollary. 
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Integrals Containing Parameters, §§ 6-8. 

6. Integrals over Finite Fields.* As a part of my discussion of integrals 
containing parameters I intend to extend to integrals over infinite fields certain 
theorems of W. H. Young f on integrals of functions of one variable. It is 
necessary first to make the extension to n dimensions for finite fields, and in 
this section I shall cite certain of these results. They may be deduced more 
simply from Vitali's test f of equi-absolute continuity, than by extending to n 
dimensions Young's idea of upper (lower) semi-continuity, but I will not give 
the proofs. In passing, however, I call attention to one theorem (11) which 
is not related to Young's, but which is a generalization of a very useful 
theorem on integrals not containing parameters. 

Theorem 9. Let Abe a limited measurable point set in space of n dimen- 
sions. Let Um„ m f nm (x, y, . . . . ) =f{x, y, . . . . ) in A, in general. The neces- 
sary and sufficient condition that 

n dA— ffdA 



Urn ff n 



is that there shall exist two functions g n>m {x, y, ....), G nm (x, y, . . . .) whose 
limits are g(x, y, . . . . ) and G(x, y, ....), respectively, for which this is true, 
and such that, in general, g n , m <f n , m <G n:in . 

Corollary 1. An analogous theorem is true for iterated integrals. 

Corollary 2. If f„ im (x, y, . . . . )>0, and its limit is f(x,y, ....), and if 
also the limit of its integral over A is the integral of f over A, then a similar 
statement is true for the limit of its integral over any measurable part of A. 

Theorem 10. If the limit of a monotonia sequence of integrable functions 
0</i(#, y, • • ■ ■ )^f2( x , Vi •••• )S ••• •> ^ s integrable in A, the sequence is 
integrable termwise. 

Theorem 11. § If in Af(x,y, . . . . ) is the limit of a function f n>m (x,y,-. . . . ) 
ivhich is nowhere negative, and the limit of whose integral is zero, then in 
general /=0. 

The proof is immediate if it can be shown that the integral of / over A 
exists, for in that case the integral of f nm is obviously equi-absolutely con- 

*It is not assumed in this section, as it is elsewhere, that the functions in question have integrals 
over finite measurable fields. The case of « parameters is not essentially different from that of two. 

■j-JDoc. cit., pp. 315 ff. 

%Bendioonti del Circolo di Palermo, Vol. XXIII (1007) pp. 137 ff. Vitali enunciated his test only 
for one dimension, but his method is valid for n dimensions. 

§This is a generalization of a well-known theorem. Cf. Pierpont, The Theory of Functions of 
Real Variables, Vol. II (1911), p. 385, §402 (2). 



324 Camp: Multiple Integrals Over Infinite Fields, 

tinuous and approaches the integral of / as a limit. Thus the integral of / is 
zero, and the theorem of which this is a generalization applies. Suppose the 
integral of / over A did not exist. We could then let A k be the set where 
f>k, and set <p k equal to zero in A k and to / in (A — A k ). Then the integral 
of q> k over A would diverge to plus infinity as k became infinite. This would 
be impossible, for suppose that for each k $ n m . k equals in A k and /„_ m else- 
where. Then for each k $ ntm;k would satisfy the conditions of the theorem 
and q> k would be integrable. Therefore the integral of ty k over A would equal 
zero for each k. 

7. Continuity. Lemma 1. If 0<f(x,y)<g(x,y), and J t (g) exists, then 
< Ji (/ ) — f fdxdy <Ji(g)— f gdxdy. 

•* R a,P *f R a, P 

Lemma 2. If for each (n, m) the function f n<m (x, y) satisfies the conditions 
imposed on f in Lemma 1, and if f(x,y)=lim Km f nm (x,y) in general, then 
Jiifn.m) exists and its limit is Ji(f). 

Obviously 0<f<g, and so by Theorem 3 J f (/ n>fl ,) and J ( (f) exist. For 
an arbitrary e>0, let a, /3 be chosen so large that 

Ji(g)— f 9<e. 

Jr «,p 

By Lemma 1, then, 

o<J,(/) -f f<J<(g) -f g<£, (i) 

dR a , P • / *e, P 

o<Ji(L,J-C f n , m <Ji(9)~f g<*. (2) 

By Theorem 9 there exists for these fixed values of a, /3 an n e so large that, if 

n, m>n e , 

\ff-f /... <-•• (3) 

I **Ra, P ** R a, p 

From (1), (2), and (3), 

\Ji(f)-JAfn, m ) I <3e, (n, m>n e ). 

Lemma 3. Except perhaps for a null set in R, let #„, m (#,#)> 0, 
lim n>m g nim (x,y)=g(x,y), and Um ntm J i (g„ fm )=J i (g). Then, for all values of 
a, @ uniformly, 

Urn I g n m dxdy— I gdxdy. 

n, m *fR ai p t/R a> p 
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Let $ n , m =g n , m and ^ n , m =g where g n , m >g, and let <p n>m =g and ^„, m =g n , m 
where g n<m <g. Then < 4> n , m < 4>», m > 

lim„ )m $ nim =lim nm 4„ jro =#, and 0<^„, m <#. By Lemma 2, then, 

lim n>m J i (^ n ,J=J i (^). (2) 

By definition, Q n , m +4'»,m=g*,m+g, and hence lim, j „«7,(ft, > „+^. t J =2J { (g). 
This, with (1) and (2), proves that lim n ^ m J t ( \g n<m — g\)=.Q. Now, uniformly 
in a, /?, 

\f (9n, m —g)\sf \dn, m —g\SJi(\g n , m —g\)- 

\*J B„ ft \ %/ R. a 



*a,p 



% a,p 



Lemma 4. Except perhaps for a null set in R, let <f nm (x,y)<g nm (x,y), 
let Um n , m f n>m (x,y)=f(x,y), and Um n>m g nim (x, y) =g(x, y), and Um n>m J i (g n:m ) 
—J.(g). Then «/<(/„, m ) exists and its limit is Ji(f). 

Since obviously <f <g, we have, by Lemma 1, for all values of n, m; a, /?, 



o <«/*(/) -f f <JAg) -f g, 

U R a, p *f R a, /3 

" ="i(/«,m) / Tn,m = " i\9n,m) / #«, m- 

*f R„ /, *JR„ R 



(1) 

(2) 

For each e>0 there exists a number n e so that, by hypothesis and by Lemma 3, 
for all values of n, m > n e and all values of a, /3 uniformly, 



and so 



\Ji{g n>m )— Ji(g) I, \f g— f g n , m \<e, 

\*/R ai p • /R a,P I 



[Ms*,*)— f g n ,m)—{Ji(g)—f g 

\ JRa.f} I \ J R a,p 

But, if a, (3 > some number a E , 

Ji(g)— f g\<e, 

vR„ ft 



<2e. 



(3) 
(4) 

(5) 



and, therefore, by (3) and (5), 



Ji(g n ,m)—( g n , 



< 3e, («, w > n e ; a, (3>cc e ). 



This, with (1) and (2), shows that 

Ji{f)—Ji{f n ,m)+f /..»—/* / <4e(«, m>n e ;a, P>a e ), 

*/R„ ft t/fl„ o 



(6) 



*a,/3 



*o,j8 



42 
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Now let a, /? be held fast at some values greater than <x e . There exists a 
number n' t so that 

\f /»,»— f f <e, (n,m>n' e ), (7) 

\*' R a,p jR a,P 

for, by Lemma 3, and since 0<f nm <g nm , Theorem 9 applies. Thus (6) and 
(7) prove the lemma. 

Theorem 12. Let lim nm f nm (x,y)—f (x,y) in general. In order that the 
following integrals shall exist and that 

l^n, m Ji(fn, m )=Ji(f), 

it is necessary and sufficient that there shall exist two convergent sequences of 
functions, Um nim g n<m (x, y) =g(x, y), lim n>m G„ im (x, y) =G{cc, y), for which this 
is true, such that in general g n<m (x, y) <f n<m (x, y) <G n>m (x, y). 

To prove the necessary part we may take g n ,m.~fn,m — 1/ (mnx 2 y 2 ) , G nm 
=/„, m + l/ (mnx 2 y 2 ). To prove the sufficient part we note that </„_„, — g n<m 
SG n , m —9n,m, and that Um nim J i (G nim —g nim )=J i (G—g), and apply Lemma 4. 

Corollary 1. Let lim nm f nm (x, y) =/ (x, y) in general. Any one of the 
following is sufficient to make lim nim J { (f n>m ) =J { (f) : 

(a) g(oo,y)<f n>m (x,y)<G(x,y),andJ i (g),J i (G) shall exist; 

(b) f(x, y) shall be the limit of a monotonic sequence, 

f i(^, y) ^f 2(00, y) <...., 

and Ji(f) and J»(/i) shall exist; 

(c) Um nim J i (\f„ im \)=J i (\f\); 

{d) \fn,m{ (10 ,y)\SG{x,y) and J {(G) shall exist; 

(e) f n , m {x,y)=K, m {x,y)g n<m {x,y), where <h n<m , g n>m <l, and one of 
the convergent sequences h nm and g nm shall be integrable termwise in R; 

if) fn,m= (9n, m ) p , 0<^, ro <l<p, and the sequence g nm shall be integrable 
termwise in R. 

Corollary 2.* The double series of which the general term is u nm (x, y) 
is absolutely convergent and absolutely integrable termwise in R if there exists 
a never negative function v{x,y) which is integrable in R and a convergent 
double series of positive terms of the type o nm such that \u n>m {x,y) \ <a nm v(x, y). 

For, if s n%m refer to the sum of the absolute values of the nm terms of the 
u series, and <r n> m to the sum of the corresponding terms of the a series 
Q£ s n. m £<*n,mV(oc,y) < lim B _ m a H>m v (x, y) , and (d) of Corollary 1 applies. 

*Cf. W. H. Young, loc. cit., p. 324. The same statement holds good if B is a finite field. 
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8. Differentiation and Integration. The next theorem may be derived from 
what precedes in much the same manner as may be proved the theorem * of 
which it is a generalization. 

Theorem 13. Let g n (x,y)^f n (x,y)<G n (x,y), and f n —g n , G n —f n be 
monotonia increasing functions of n at each point (x, y) , and let the derivative 
of J i (g n )=J i (dg n /dn), and the derivative of J{(G n ) =J i (dGJdn). Then the 
derivative with respect to n of Ji(f n ) =Ji(df n /dn) wherever t dfjdn exists. 
The same is true if the right (left) hand derivative be used throughout instead 
of the derivative. 

The following lemma may be proved by the use of the theorem of Young 
analogous to Theorem 9, and the theorem of Fubini analogous to the corollary 
of Theorem 5. 

Lemma. Let the interval (a<n<b) be finite. Sufficient conditions that 
the following exist and be equal, 

f a Ji [Q (x, y, n) ] dn, J 1 \£ g (x, y; n) dn\ , 

are that (1°) the integral of g with respect to x and y over R a , e , for all values 
of a, /3>oc , be absolutely less than an integrable function of n, (2°) J x (g) 
exist for each n, and g be absolutely integrable with respect to x, y, and n in 
the parallelopiped, 0<*<a, 0<y<(3, a<n<b. 

Theoeem 14. Sufficient conditions that the equation, 



Ja \dnj 



dn^JAD-Jiifa), 

be valid in (a<n<b) are that J t {f) exist at one point of the interval (a, b) 
and that df/dn exist and satisfy the conditions imposed on g in the lemma. 

By the lemma 

nj^dn^r^dn. 

Ja \dn/ t/a dn 

By a known theorem due to Vallee-Poussin,$ this equals J^/J — JiifJ- 

Corollary.^ Under the same conditions the derivative, with respect to n, 
°f Ji(fn) equals J t of the derivative of /„, (a) in general in (a, b) including all 

* See preceding note, same reference, p. 321. 

fMore generally, for each value of n for which, except perhaps for a null set in the ay-plane, 
df/dn exists. 

%Loc. cit.. Vol. I, p. 263. 

§ See reference of previous note, pp. 267, 268. 
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points where the derivative of Ji(/ n ) exists, and (b) at all points of (a, b) 
provided J x {df/dn) is continuous in (a, b). 

The Fourier Integrals, §§ 9-11. 
9. Introduction. The iterated integral 



1 z* 00 /* w 

«7 4 = — I du I f(t) cos u(t — x)dt 

71 t/0 «/— oo 



is sometimes called the Fourier double integral. We shall reserve this name 
for 

J 1 =D= lim — I du I f(t) cosu(t — x)dt + lim — I du I f(t) cos u(t—x)dt. 

a, /3=oo 71 vo «/o a, 0=oo 71 «/o V — 

Here J t and J 4 have the same relative significance as in the preceding sections. 
It is evident that J 5 does not exist. A good deal has been written * recently 
on the problem of finding the most general conditions that one can impose on 
f(t) and make J 4 equal to f{x). In the following section, it is shown that J x 
equals f(x) under circumstances more general than those derived for J 4 . 
Indeed, if f(x) =1, J 4 does not exist, and if a value be given it by the usual 
summation method, that value is zero, but J x =l. In Section 11 the corre- 
sponding integral which arises from three-dimensional problems is considered, 
and some of the questions connected with it. For simplicity x, y, and z are 
restricted to non -negative values. This enables one to dispense with the 
second term oil). No generality is lost thereby. 

10. The Fourier Double Integral. Lemma, (a) For all a, (3>0 uniformly, 



IX' 



sin fit 



t 



dt 



<^L 



(b) Let 0<f(t-\-x)<M, and let f be a monotonic decreasing function of 
Ht = ®) f or eac h x - Then, uniformly with respect to <x>a >0, and boundedlyf 
with respect to x in the first case, and uniformly in the second: 

lim Ff{tJrx)*^dt= £/(+O + 0), Urn f a f{t+x)*^dt = 0. 

(c) If also uniformly with respect to x lim f(t-\-x) =/(+0-f-#), the converg- 

t=Q 

ence in the first case under (b) is uniform. 

*A. Pringsheim, Mathematische Annalen, Vol. LXVIII (1910), pp. 367-408. W. H. Young, Trans- 
actions of the Cambridge Philosophical Society, Vol. XXI (1910), pp. 428-451; Proceedings of the Royal 
Society of Edinburgh, Vol. XXXI (1911), pp. 559-586. 

■f F n (ao, y, . .. .) approaches its limit " boundedly " with respect to x, y, . .. . if there exists a fixed 
number greater than | F n | uniformly for all values of x, y, 
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The lemma is known except perhaps for the boundedness and uniformity 
of the convergence. By the more familiar part, however, we have 

-£./(+<) + *)- lim r a f(t + x) S -^dt 

4 0=oo */0 I 

= \\m f a [f(+0 + x)—f(t + x)]^ I1 f^dt = lim8. 

0=oo t/o t = 00 



sin fit 

By (a) and the second theorem of the mean, 

* a sin pt 



\S\<Mmax 



£ 



< nM 



h t 

Thus the convergence is bounded. In the cases where it is uniform the 
demonstration is the same except that M is to be chosen arbitrarily. 

Theorem 15. Let 0<f(x)<M, and let f(x) be a monotonic decreasing 
function of x(x>0). Then D — l/2[f(x — 0)+/(# + 0)], and the proper in- 
tegral of which D is the limit approaches D boundedly with respect to x if 
x>a>0. 

CaseI: (x = 0). By the lemma 

nD= lim f a du f^f(t) cos tudt= lim f P f(t)^^dt^=^-f(+0). 

a, (3=oo Jq VO a, 0=oo i/o t a 

Case 2 : (0<a<x). In the formal expression for D substitute t — x=s. 
Then 

%e ~ x » , , * , , . r p ~ x , , , . sin as 



nD= lim I du I f(s+x) cos suds — lim / f(s + x) 

a, 0=oo«/O v— x a, 0=oo v —x 

i- /*%/ i v sin as, , .. r $ ~"ti . \ sin aS j 
= hm / f{s + x) as + lim / f(s + x) ds. 

a, 0=oo v -x S a, 0=oo «/0 S 

Substituting £ = — s in the first integral, and separating the last integral into 
two parts by the point x, 

nD= lim f X [f(-t+x)+f(t+x)]^ 7 C ^dt+ lim l^"f( 8 + x)^-^ ds, 

a, 0=00 «/o f a, 0=oo */« S 

which equals ![/(# — 0)+/(#+0)] by (6) of the lemma, and the convergence 
is bounded. 

Coeollaey 1. If also f (x) is continuous in (0<a<x<b), the convergence 
is uniform there. 

Apply (c) of the lemma. 

Coeollaey 2. The theorem and corollary are true if f(oc)=f 1 {x) — fz{x), 
where f x (x) and f 2 (x) have the properties there ascribed to f{x). 

Examples: e~*,l — e~ x ,f(x) equal to a polynomial in (0,1) and to 1/x 
elsewhere. 
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Theokem 16. Let (1°) f(x)=g(x)p(x), where </, g, p <M, f(x) has 
limit e'd variation in every finite* interval, and g(x) is monotonic decreasing 
(x>x ), and p(x) is periodic (x>x ). Let (2°), except perhaps a null set, for 

x>x , 

p(x) = 2 (a,- sin kix + bi cos hix), 

i=0 

where the a/s and b/s are the usual Fourier coefficients, and (3°) 
2(|a i | + |6 i |)=fl. Then for each x>0, D = l/2[f(x—0)+f(x+0)]. 

Let f{t) =<p(t) +4'(t), where ^—f and ^' = at points where t<2x, and 
<£> = and 4'=f where t >2x, x being the point at which the development is to be 
examined. Referring to the preceding corollary we see that it holds when q> 
replaces /. Referring to the proof of the previous theorem we see that, by 
formal processes, 

sin at 



7tD—7t/2[f(x—0)+f(x+0)]= lim f* [■$(— t+x) +^(t + x) ] - 

a, |8=oo »/o 



t 



dt 



+ lim f 4(s+x) sm a3 <fe=I + II 

a, /3=a> J x S 



By definition of 4 1 , 1 = 0. To prove that 11 = we have essentially to establish 
for the / of our present theorem only the second part of (b) of the lemma to 
Theorem 15, with the omission of the references to boundedness and uniformity 
with respect to x. An apparent exception occurs when #=0, but it may be 
avoided by separating the interval (a, (5) into two parts by means of a fixed 
point. We proceed, therefore, to show that, <x >0, £>0, x being prescribed, 
there exists a ft so that the following is true uniformly in a and /? : 






l g(t + x)p(t + x) S -^ dt 



<B, (i3 > ft). 



The function g(t-{-x)/t is monotonic decreasing if t>x . Let a x be so large 
that cl x >x and also that g(t-\-x)/a 1 <s. Sincef gp/t is absolutely L-integrable 
in (a , aO, 

lim f ai -^smptdt=0. 

/3=oo */a t 

Now 

f a g f p(t+x) sin (3tdt\ <gmax f p(t + x) sin ptdt\ 

= e max / sin/?/ \ Sat sin lei (t -\- x) -\-bi cos ki(t-\-x) \dt\. 

♦These conditions could be generalized a little by requiring that certain of them should hold 
necessarily only in the neighborhood of se. 

fLebesgue, Annates de la Faculty de Toulouse, Ser. 3, Vol. I (1909), p. 52. 
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It may be seen in several ways that this series is integrable termwise ; for 

example, by 3° its remainder is uniformly limited. Thus the above expression 

equals 

2 a* / sin ki(t + x) sin fttdt 
o L vii 

+ bi r\jos ki(t+x) sin (Stdt\ I <8e2( |a,| + |6<| ) =8eH. 

Cokollaby. The theorem is true if f{x)=f x {x) — f 2 (x), where f x and f 2 
separately enjoy the properties there ascribed to f. 

Example: f — x in (0, n), = 2n — x in (n, 2n), etc. 

Theoeem 17. If f(x) has limited variation in a neighborhood (x — c, x + c), 
c>0, of x, and if f{x)/x is absolutely L-integrable in the infinite interval 
(x>c), then, for each x>0, D = l/2[f(x—0)+f(x+0)]. 

As before 

c 

sm at 



„ ,. 1 p p - x ,, ± , xSin at ,. ,. If /»~ T /: 
Z)= hm — / f(t+x) — t — dt — hm — / — 

a, j3=a> 71 */-a; f a, 0=co 71 L^-* 

c 

p*f sin at pP-sfsmat 1 



t 



dt 



1+ 11+ HI. 



c 

II=lim ~ /* T i[/(-*+a!)+/(* + ®)]5^^ = i[/(aJ-0)+/(*+0)], 

since the part of the integrand in brackets has limited variation in (0, c/2). 
Since f(t + x)/t is absolutely L-integrable in {—x, —c/2), by Lebesgue's* 
theorem 1 = 0; and, similarly, a part of III, 

lim-1 tf{t + x)™^dt=Z, 

a, fl=a> 71 *Jc t 

1. 

where /? e is so chosen that 



t 



dt<e. 



f 

•'ft 
Thus |III|<e. 

Example: f(x)=p(x)e~ x , where p is any limited function which has 
limited variation in the neighborhood of x and is L-integrable in every finite 
interval. 

It could now be shown that, if in this form of the Fourier integral the 
integrand were multiplied by e~ uv (or by e~ c ' m ) , the usual thermostatic (or ther- 
modynamic) equations would be satisfied, in general, and that the functions 

*Loc. cit. 
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defined thereby would enjoy the other properties desired for the solutions of 
the corresponding problems in heat and electricity. But this would not be 
useful, for, although some texts imply that the Fourier "double" (in my sense, 
iterated) integral is needed in these physical problems, it never is, and the 
appropriate propositions can be proved for the simple integrals that are 
needed in a much more general fashion than I can prove them even for the 
double integrals considered here.* The theorems of this section serve as 
lemmas to the next section, where their practical value becomes apparent. 
However, as notably in the case of Fourier's series,f so to a less degree in the 
case of Fourier's integral, the theory of the representation of an arbitrary 
function has enjoyed a development and interest that have nothing to do with 
its value as a physical tool. 

11. The Fourier Quadruple Integral. If one seeks the value of the potential 
function V in an infinite rectangular parallelopiped (x, y, s>0), given that 
the surface z = is kept at a potential V =f(x,y), and that the surface x=0 
is insulated, one is led to LaPlace's equation, V 2 (F) =0, and to the formula: t 

Jf»o n$ nl /»8 

dt I dul ds I e- zy ' 2+w2 f{t, u) cos s(t — x) aos,w(u — y)dw. 
, ... - t/0 I/O «/o 

Theoebm 18. Let f(x, y) =h(x)Jc(y), where h and k satisfy the conditions 
imposed on f in one of the theorems 15, 16, or 17, or are the differences of two 
such functions. Then F =l/4[/(«— 0, y— 0) +f(x— 0, y + 0) +f(x+0, y—0) 
+/(0+O, 2/ + 0)]. 

For V — lim / dt I h(t) cos s(t— x)ds\\ /dul k(y) cos w (u—y) dw , 

which equals l/4:[h(x—0) +h(x+0)][h(y—0) +k(y+0)]. 

Cobollaby. The convergence is uniform with respect to x (or y) if h 
(or k) also satisfies the condition of continuity imposed in the corollary to 
Theorem 15. 

Theobem 19. If f(x, y) is absolutely L-integrable in the infinite rectangle 
(x,y>0), V z (s>0) satisfies LaPlace's equation. 

It is sufficient to show that the signs of partial differentiation may be 
passed over the limit sign and over the signs of integration in the expression 
for V z . For this purpose we refer to corollary (b) of Theorem 14. Using 

*Cf. W. H. Young, Proceedings of the Royal Society of Edinburgh, Vol. XXXI (1911), p. 587; 
Encyklopddie Mathematisehen Wissenschaften, II, A 12, p. 1089. 

f Cf . VanVleek, " The Influence of Fourier's Series upon the Development of Mathematics," Science, 
N. S., Vol. XXXIX (1914), Number 995, pp. 113-124. 

X In the usual formula the iterated integral is used. 
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the notation there, but replacing that / by the present integrand, which we call 
q>, and thinking of n as representing in turn x, y, and z, we see that we need 
to prove: (1) that J^dfy/dn) is continuous near n, n being the point at which 
the derivative of J 1 is being examined; (2) that J 1 (p) exists at n; (3) that 
d<p/dn exists, and is absolutely L-integrable over finite three-dimensional 
fields; and (4) that there exists a function, <t>(«), whose integral with respect 
to n exists over a finite interval enclosing the particular point n in question, 
such that, for all values of a, @, y, § > uniformly, 

dp 



I "^dtdu ds dw 

"Ha, B, y, 5 dn 



<<t>(w). 



These results are needed in order to show that the first derivative of J t may 
be replaced by the first derivative of its integrand. The process must be 
repeated for the second derivative. We shall then have conditions (5), (6), 
(7), and (8) exactly like (1), (2), (3), and (4), respectively, except that 
d$/dn replaces <p, and in (4) <E>(») is replaced by some other function having 
the same properties. It is obvious that (3) and (7) are true, and that (6) is 
included in (1). We first prove (4). For all values of x, y, z uniformly, 

, . „ . /S + W\ . ZS ZV) 

l<M5l/(*, «)|e- Ws2+w2 <|/|e-^-ir) = |/|e-i! e~T, 

2 _ 4M 

„~2 ' 
I v "a, B, y, 5 I \" u / * 

where 



f <?> \S M ( f e~^ ds 

i¥ = lim f a dt f \f{t,u) I du 

a. 8 Jo Jo 



Thus (2) Jiity) exists absolutely. Now, first let n—z. 

zs zw 

s + iu)e 2 e 2 f 

(9) 



|=-Viq^ ^=(s*+w*)<p, \g\<\f {(*+<»)*-* e 



16M 



I f f* <2M(rse-"d s re-™dw\ 

I JRa, B, y. S OZ \Jo t/o / 

Thus (4) is satisfied (s>0). We can similarly prove (8), for 

d 2 <p 



Jr*. r. „. 8 oz Jo Jo 



™ , 64M 

dW= r— . 



<a, B, y, S 

Now, by referring to Corollary 1 (d°) of Theorem 12, it will be seen that in 
(9) we have established (1) and (5) ; e. g., if z>c>0, 

l/l (s + iv)e-? (s+w) < J/1 (s + w)e-i (5+tt) > 
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which is an integrable function in R. Secondly, let n — x>0. 
-j±- = se~ zVs ' +w *f (t, u) sin s(t — x) cos w(u — y), 

TPth 

-~ = — s 2 e~ zWs2+w ' cos s(t — %) cos w(u—y). 
ox 



r |* <M fse-^dsf 



1 _S2 , 8M 

e 2 aw= — — 



1/ 



dx 2 



<M I s 2 e 2 ds I e 2 dw= — — . 



Hence the conditions in question are satisfied. The case, n=y>0, is identical 
with this one. 



Wesletan University, Middletown, Conn., October, 1916. 



